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HOLOGRAPHIC DARK ENERGY MODELS WITH INTERACTIONS AND
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In the framework of Brans-Dicke cosmology, we have studied the interacting power-law and loga-
rithmic entropy-corrected holographic dark energy models with different cut-offs. The Brans-Dicke
parameter is investigated versus the conditions for the acceleration and phantom phases to show
that which entropy corrected model can exhibit acceleration with or without the phantom phase at
early and present time universes. Moreover, the classical stability or instability of the interacting
power-law and logarithmic entropy-corrected holographic dark energy models with different cut-offs
is determined at early and present time.
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I. INTRODUCTION
Recent cosmological and astrophysical data gathered from the observations type Ia supernovae (SNeIa),
cosmic microwave background radiation (CMB) and large scale structure (LSS) convincingly suggest that the
observable universe experiences an accelerated expansion phase [1] that this expansion may be driven by a
mysterious energy component with negative pressure so called dark energy. The cosmological constant is the
simplest candidate for dark energy, called ΛCDM model. Nowadays cosmologists know that the cosmological
constant suffers from two difficulties, the fine- tuning and the cosmic coincidence problems [2, 3]. The cosmic
coincidence problem needs that universe behaves in such as a form that the ratio of dark matter to dark
energy densities must be constant of order unity[4]. There are various models for dark energy including the
cosmological constant, Quintessence, K-essence, Phantom, Quintom, Chaplygin gas, Thachyon and modified
gravity [2, 5]. Recently, the holographic dark energy (HDE) as a new dark energy model based on the
holographic principle was suggested [6]
ρΛ = 3c
2M2PL
−2, (1)
where c is a numerical constant, L is the cut-off radius and MP is the reduced Planck mass. In the
holographic dark energy model the Bekenstein-Hawking entropy relation SBH = A/4G plays an essential
role and is satisfied on the horizon [7] where A ∼ L2 is the area of horizon. Since this model is closely
connected to the area law of entropy, hence any correction to this law will affect the energy density of the
holographic dark energy model. These corrections may arise due to the quantum field theory [8, 9], thermal
and quantum fluctuations in LQG [10–14], and string theory [15].
One correction to the entropy is the power-law correction [8]
S = A/4G(1−KαA1−α2 ), (2)
where α is a dimensionless constant and
Kα =
α(4pi)
α
2
−1
(4− α)r2−αc
, (3)
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2where rc is the cross over scale. This correction results in a modification of holographic dark energy called
power-law entropy corrected holographic dark energy (PLECHDE) as [16]
ρΛ = 3c
2M2PL
−2 − βM2PL−α, (4)
where α and β are two constants of the order of unity. In Ref.[8], it was demonstrated that the generalized
second law of thermodynamics for the universe with the power-law corrected entropy is satisfied for α > 2.
For α > 2 the second term in Eq.(4) is comparable to the first term when L takes a very small value, thus
the correction has a physical meaning only at early universe and is ignorable when the universe becomes
large [16].
Another corrected entropy takes on the following form [17]
SBH =
A
4G
+ α˜ ln(
A
4G
) + β˜, (5)
where α˜ and β˜ are two dimensionless constants. The logarithmic term also appears in a model of entropic
cosmology, capable of unifying the early time inflation and late-time acceleration of the universe [18]. The
entropy-area relation can be expanded in a series of infinite terms, however the contribution of extra terms
are negligible due to the smallness of reduced Planck constant ~. Hence, the most important leading term
in the expansion is left as the logarithmic one, which has been considered in this paper. Considering the
corrected entropy-area relation (5) and following the derivation of HDE, the corresponding energy density
will be modified. Wei, has recently proposed the energy density ρΛ of the logarithmic entropy-corrected
holographic dark energy (LECHDE) in the following form [19]
ρΛ =
3c2φ2
4ωL2
+
α
L4
ln(
L2φ2
4ω
) +
β
L4
, (6)
where α and β are dimensionless constants. The second and third terms in Eq.(6) are comparable to the
first term only when L takes a very small value, hence the corrections given by these terms have a physical
meaning only at early universe. When the universe becomes large, these corrections are ignorable and
LECHDE reduces to the ordinary HDE. Therefore, in the following first we will investigate the state of the
universe at present time and then study the effect of different cut-offs, considering the corrections at early
time, on the state of the universe [20]. Since HDE density corresponds to a dynamical cosmological constant,
we need a dynamical frame as alternative theory of general relativity to accommodate HDE density.
The scalar-tensor theory was first established as an alternative to general relativity [21, 22]. Then, it
played the essential role in solving the main problems of standard cosmology in the context of inflationary
scenario. The main motivation to use the scalar field models in quest for solving the recent DE problem
in cosmology lies in the particle physics as well as string theory. In order to solve the DE problem, several
models of dynamical dark energy with time evolving equation of state have been proposed in the context of
scalar field models such as quintessence [23], k-essence [24], phantom [25], tachyon [26], and quintom [28].
Reconstruction of the holographic and agegraphic dark energy models with scalar fields is also one of the
most attractive subjects studied in this direction [31–34]. The investigation on the holographic dark energy
model in the framework of Brans-Dicke (BD) theory is one of these attempts with interesting results which,
for example, implies that one can not generate phantom-like equation of state from a holographic dark energy
model in non-flat universe in the framework of Brans-Dicke cosmology [29].
In this work, we aim to generalize the study in [29] and consider the interacting power-law and logarithmic
entropy-corrected holographic dark energy model in Brans-Dicke cosmology and obtain the equations of state
parameter for different viable cut-offs. We also consider the correspondence between the interacting power-
law and logarithmic entropy-corrected holographic dark energy models with different cut-offs in Brans-Dicke
cosmology in one hand, and quintessence and tachyon scalar field models in non-flat universe, on the other
hand. Moreover, we perform the stability analysis of the models by determining the squared sound speed,
v2s =
dp
dρ
[30]. If v2s < 0, we have the classical instability against given perturbation. In contrast v
2
s > 0 may
lead to a stable universe against perturbations.
3II. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL IN
BRANS-DICKE COSMOLOGY
The action of Brans-Dicke theory in the canonical form may be written as [35]∫
d4x
√
g(− 1
8ω
φ2R+
1
2
gµν∂µφ∂νφ+ LM ), (7)
where g is the determinant of the tensor metric gµν , ω is the Brans-Dicke parameter, R is the Ricci scalar
curvature and LM is the lagrangian of the matter. Variation of the action with respect to the metric g
µν
and the Brans-Dicke scalar field φ obtains
φGµν = −8piTMµν −
ω
φ
(φ,µφ,ν − 1
2
gµνφ,λφ,λ − φ;µ;ν +φgµν), (8)
φ =
8pi
2ω + 3
TMλλ . (9)
Here, TMµν is the energy-momentum tensor of the matter fields. The Friedman-Robertson-Walker (FRW)
universe is defined by
ds2 = dt2 − a(t)2( dr
2
1− kr2 + r
2dΩ2), (10)
where a(t) and k are scale factor and curvature parameter, respectively. Using Eq.(10), the field equations
(8) and (9) are simplified to
3
4ω
φ2(H2 +
k
a2
)− 1
2
φ˙2 +
3
2ω
Hφ˙φ = ρm + ρΛ, (11)
− 1
4ω
φ2(2
a¨
a
+H2 +
k
a2
)− 1
ω
Hφ˙φ
− 1
2ω
φ¨φ− 1
2
(1 +
1
ω
)φ˙2 = pΛ, (12)
φ¨+ 3Hφ˙− 3
2ω
(
a¨
a
+H2 +
k
a2
)φ = 0, (13)
where H = a˙/a, ρm, ρΛ and pΛ are the Hubble parameter, the pressureless matter density, the energy density
and pressure of dark energy, respectively. We suppose that there is an interaction between entropy-corrected
holographic model of dark energy and dark matter as follows
ρ˙Λ + 3H(1 + ωΛ)ρΛ = −Q, (14)
˙ρM + 3HρM = Q, (15)
where Q = 3b2H(ρΛ+ ρm) is the interaction term and b
2 is a coupling constant. Moreover, following [36] we
suppose that the BD field behaves as φ = an so that
φ˙ = nHφ , φ¨ = (n2H2 + nH˙)φ. (16)
A case of specific interest is when n is small while ω is large, so that the product nω results in a value of
order unity [36]. The fractional energy densities are given by
ΩM =
4ωρm
3φ2H2
, (17)
4Ωk =
k
a2H2
, (18)
ΩΛ =
4ωρΛ
3φ2H2
. (19)
Taking time derivative of (11) gives
H(z) = H0
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2
, (20)
where we have converted time derivative to a derivative with respect to z, and zero-indices quantities indicates
the present time values. Also, we obtain the deceleration parameter as
q = − a¨a
a˙2
= −1− H˙
H2
. (21)
Taking time derivative of (18) yields
dΩk
dz
= 2Ωk
(
(1 + z)−1 −
dH
dz
H
)
, (22)
where we have used using dΩk
dt
= −H(1 + z)dΩk
dz
and dH
dt
= −H(1 + z)dH
dz
. On the other hand, taking time
derivative of (19), using (14) and dΩΛ
dt
= −H(1 + z)dΩΛ
dz
, yields
dΩΛ
dz
= (1 + z)−1
[
3b2(ΩΛ +Ωm) + 3(1 + ωΛ)ΩΛ + 2nΩΛ − 2ΩΛ(1 + z)
dH
dz
H
]
. (23)
Taking time derivative of (20), using Eqs.(22), (23) and dH
dt
= −H(1 + z)dH
dz
, yields
dH
dz
H
= − (2n+ 3 + 3b
2)(1 + Ωk − 23n2ω + 2n)
2(1 + z)(−1 + 23n2ω − 2n)
− −2Ωk + 3ΩΛωΛ
2(1 + z)(−1 + 23n2ω − 2n)
. (24)
Therefore, using Eq.(24), the deceleration parameter is obtained
q = −1− (2n+ 3 + 3b
2)(1 + Ωk − 23n2ω + 2n)− 2Ωk + 3ΩΛωΛ
2(−1 + 23n2ω − 2n)
. (25)
Moreover , using Eqs.(4), (6) and (19), we can obtain the following relations
β =
3c2
L−α+2
(
1− L
2H2ΩΛ
c2
)
, (26)
α ln(
φ2L2
4ω
) + β = L4
(
H2ΩΛ − c
2
L2
)3φ2
4ω
, (27)
which will be used in the derivation of ωΛ in the following. For power-law and logarithmic entropy-corrected
holographic dark energy models with any cut-off in Brans-Dicke cosmology, taking time derivative of (4) and
(6), using (14), and using (26), (27) we obtain, respectively
ωΛ = −1− b
2
ΩΛ
(
1 + Ωk − 2
3
n2ω + 2n
)
− 2c
2
L2HΩΛ
[
(1 + z)
dL
dz
L
(
1− α
2
(1 − L
2H2ΩΛ
c2
)
)
+
L2H2ΩΛn
c2
]
, (28)
ωΛ = −1− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)− (n−
dL
dz
L
(1 + z))
[ 2c2
3L2H2ΩΛ
+
8αω(1 + z)2n
9L4H2ΩΛ
]
− 4
3
(1 + z)
dL
dz
L
. (29)
5One of the most important quantities for cosmological evolution of the universe is the squared sound speed,
v2s =
dp
dρ
. The squared sound speed of dark energy fluid is given by
v2s =
dpΛ
dρΛ
=
p˙Λ
ρ˙Λ
. (30)
Also, we have
v2s = ωΛ −
ω˙Λ
3H(1 + ωeffΛ )
. (31)
Here ωeffΛ = ωΛ+
Q
3HρΛ
corresponds to the effective equation of state parameter for dark energy. For v2s > 0,
there is a classical stability and for v2s < 0, there is a classical instability [38].
III. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL
WITH HUBBLE CUT-OFF
The Hubble cut-off is considered as
L = H−1. (32)
A. PLECHDE model
Using Eqs.(20), (24), and (28), we obtain
ωΛ =
{
− 1− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)− 2c
2H0
ΩΛ
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2 ×
[((2n+ 3 + 3b2)(1 + Ωk − 23n2ω + 2n)− 2Ωk
2(−1− 2n+ 23n2ω)
)
×
(
1− α
2
(1 − ΩΛ
c2
)
)
+
nΩΛ
c2
]}
×
{
(−1− 2n+ 2
3
n2ω)×[
− 1− 2n+ 2
3
n2ω + 3c2H0
(
1− α
2
(1 − ΩΛ
c2
)
)
×
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2
]−1}
. (33)
For present time, we consider z ≃ 0, α ≃ 0, c2 ≃ 1.1 [39], n ≃ 0.005 [41], H0 ≃ 67.8, ΩΛ ≃ 0.7 ΩM0 ≃ 0.27,
Ωk ≃ 0 and b2 = 0.02 [39]. The condition for acceleration as q < 0, results in −10000 . ω . 10000 which is
almost the same range for having the phantom phase ωΛ < −1.
At early universe, using Eqs.(21), (28) and H ≃ const [40], we obtain q ≃ −1 and
ωΛ = −1− 2nH. (34)
For early time, the condition ωΛ < −1 requires n > 0, so n ≃ 0.005 [41] is consistent with the phantom phase.
Therefore, the PLECHDE model with Hubble cut-off and −10000 . ω . 10000 supports the inflationary
and accelerating universe with phantom phase at early and present universe, respectively.
Using ωΛ and its time derivative corresponding to early and present times, and using Eq.(31) with b
2 =
0, 0.02, 0.04, 0.06, we get v2s < 0 and v
2
s > 0 respectively, indicating that PLECHDE model has classical
instability at early time and classical stability at present time.
6B. LECHDE model
For LECHDE model, using Eqs.(20), (24), and (29) we obtain
ωΛ =
[
− 1− n[ 2c
2
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3
9ΩΛ(1 + Ωk +
2n
3 (3− nω)− ΩΛ)
] + [
−2Ωk + (2n+ 3 + 3b2)(1 + Ωk − 2n2ω3 + 2n)
2(−1 + 23n2ω − 2n)
]
×[ 2c
2
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3
9ΩΛ(1 + Ωk +
2n
3 (3− nω)− ΩΛ)
− 4
3
]− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)
]
× (35)
[
1− ( 3ΩΛ
2(−1 + 23n2ω − 2n)
)× [ 2c
2
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3
9ΩΛ(1 + Ωk +
2n
3 (3 − nω)− ΩΛ)
− 4
3
]
]−1
.
With the same numerical set up mentioned before, in order to have q < 0 at present time, we obtain
ω . 8383. However, ωΛ < −1 requires ω . −2860. In other words, ω . −2860 supports the phantom phase
as well as an accelerating universe. For −2860 . ω . 8380, we have an accelerating universe without the
phantom phase.
At early universe, using Eqs.(21), (29), and H ≃ const, we obtain q ≃ −1 and
ωΛ = −1− n[ 2c
2
3ΩΛ
+
8αωH2(1 + z)2n
9ΩΛ
]. (36)
Using the parameter values z ≃ 104, α ≃ 1, c2 ≃ 1.1, ΩΛ ≃ 1, the condition ωΛ < −1 or ωΛ > −1 requires
ω & −H−2 or ω . −H−2, respectively .
Therefore, LECHDE model with Hubble cut-off and ω . −2860 supports the inflationary and accelerating
universe with phantom phase at present universe; however, at early universe we may have inflationary
universe with or without phantom phase corresponding to ω & −H−2 or ω . −H−2, respectively.
Using the same procedure as that of PLECHDE model, for LECHDE model we obtain v2s < 0 for both
early and present times which accounts for the classical instability at both eras.
IV. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL
WITH APPARENT HORIZON CUT-OFF
The apparent horizon cut-off is given as
L = r˜A =
1√
(H2 + k
a2
)
. (37)
A. PLECHDE model
For power-law entropy-corrected holographic dark energy model, using Eqs. (20), (24), (28) and (37), we
can obtain EOS parameter at the present time
ωΛ =
{
− 1− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)− 2c
2H0(1 + Ωk)
ΩΛ
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2 ×
[(
(2n+ 3 + 3b2)(1 + Ωk − 2
3
n2ω + 2n)− 2Ωk(−2n+ 2
3
n2ω)
)
×
(
2(1 + Ωk)(−1− 2n+ 2
3
n2ω)
)−1
×
(
1− α
2
(1− ΩΛ
c2(1 + Ωk)
)
)
+
nΩΛ
c2(1 + Ωk)
]}
×
{
(−1− 2n+ 2
3
n2ω)×
[
− 1− 2n+ 2
3
n2ω + 3c2H0
(
1− α
2
(1 − ΩΛ
c2(1 + Ωk)
)
)
×
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2
]−1}
. (38)
7For the present time, we consider z ≃ 0,α ≃ 0, c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8, ΩΛ = 0.7, ΩM0 = 0.27,
Ωk ≃ 0 and b2 = 0.02 [39]. By this set up, the conditions for acceleration q < 0 and phantom phase ωΛ < −1
results in ω < 10000 and −10000 < ω < 10000, respectively. Therefore, for −10000 < ω < 10000 we have
both acceleration and phantom phase.
At early time, using Eqs.(28) and H = constant, we obtain q ≃ −1 and
ωΛ = −1− 2c
2H(1 + Ωk)
ΩΛ
[
− Ωk
1 + Ωk
{
1− α
2
(1− ΩΛ
c2(1 + Ωk)
)
}
+
nΩΛ
c2(1 + Ωk)
]
. (39)
For early time, the condition ωΛ < −1 requires n > 0, so n ≃ 0.005 [41] is consistent with the phantom phase.
Therefore, the PLECHDE model with apparent cut-off and −10000 . ω . 10000 supports the inflationary
and accelerating universe with phantom phase at early and present universe, respectively.
Using ωΛ and its time derivative corresponding to early and present times, and using Eq.(31) with b
2 =
0, 0.02, 0.04, 0.06, we get v2s < 0 and v
2
s > 0 respectively, indicating that PLECHDE model has classical
instability at early time and classical stability at present time.
B. LECHDE model
For interacting logarithmic entropy-corrected holographic dark energy model at present time, using
Eqs.(20), (24), and (29) one can write
ωΛ =
[
− 1− (n+ Ωk
(1 + Ωk)
)[
2c2(1 + Ωk)
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3(1 + Ωk)
2
9ΩΛ(1 + Ωk +
2n
3 (3 − nω)− ΩΛ)
] +
4Ωk
3(1 + Ωk)
+ (40)
[
−2Ωk + (2n+ 3 + 3b2)(1 + Ωk − 2n2ω3 + 2n)
2(−1 + 23n2ω − 2n)(1 + Ωk)
]× [ 2c
2(1 + Ωk)
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3(1 + Ωk)
2
9ΩΛ(1 + Ωk +
2n
3 (3− nω)− ΩΛ)
− 4
3
]
− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)
]
×
[
1− ( 3ΩΛ
2(−1 + 23n2ω − 2n)(1 + Ωk)
)× [ 2c
2(1 + Ωk)
3ΩΛ
+
8αωH20ΩM0(1 + z)
4n+3(1 + Ωk)
2
9ΩΛ(1 + Ωk +
2n
3 (3 − nω)− ΩΛ)
− 4
3
]
]−1
.
For the present time, we consider z ≃ 0, c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8, ΩM0 = 0.27, Ωk ≃ 0 and
b2 = 0.02 [39]. By this set up, for q < 0 and ωΛ < −1 we obtain−29032 . ω . 34254 and 16908 . ω . 38858,
respectively. Therefore, we may have acceleration with the phantom phase for some regions of ω.
At early time, using Eqs. (29) and (37) and H = constant, we obtain q ≃ −1 and
ωΛ = −1− (n+ Ωk
(1 + Ωk)
)[
2c2(1 + Ωk)
3ΩΛ
+
8αωH2(1 + z)2n(1 + Ωk)
2
9ΩΛ
] +
4Ωk
3(1 + Ωk)
, (41)
where α is dimensionless constant of order unity.
Using the parameter values z ≃ 104, α ≃ 1, c2 ≃ 1.1 and ΩΛ ≃ 1 , the condition ωΛ < −1 or ωΛ > −1
requires ω & −H−2 or ω . −H−2, respectively .
Therefore, LECHDE model with apparent cut-off and 16908 . ω . 38858 supports the inflationary
and accelerating universe with phantom phase at present universe; however, at early universe we may have
inflationary universe with or without phantom phase corresponding to ω & −H−2 or ω . −H−2, respectively.
Using the same procedure as that of PLECHDE model, for LECHDE model at present time, we obtain
that the squared speed v2s is negative for 0.5 < ΩΛ < 1 and is positive for 0 < ΩΛ < 0.5. That is, we have
classical instability v2s < 0, for 0.5 < ΩΛ < 1 and the classical stability v
2
s > 0, for 0 < ΩΛ < 0.5.
At early time, we obtain that the squared speed is always negative and that there is a classical instability.
8V. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL
WITH EVENT HORIZON CUT-OFF
The event horizon cut-off is considered as
L = a(t)r(t), (42)
and
r(t) =
sinn(
√
|k|y)√
|k| =


sin y k = 1,
y k = 0,
sinh y k = −1,
where
y =
Rh
a(t)
= a(t)
∫ ∞
a(t)
da(t)
a(t)2H
. (43)
Here, L and Rh are the radius of the event horizon measured on the sphere of the horizon and the radial
size of the event horizon, respectively [42].
A. PLECHDE model
For power-law entropy-corrected holographic dark energy model, Using Eqs. (20), (24), (28), (42) and
(43) at the present time we can write
ωΛ = −1− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n)− 2H0
γc
[ ΩM0(1 + z)2n+3
1 + Ωk +
2
3n(3− nω)− ΩΛ
] 1
2
[
− 1 + nγc +
√
ΩΛ
c2γc
− Ωk
]
(44)
where
γc = 1− β
3c2
L2−α. (45)
Moreover, for PLECHDE at early time, using Eqs. (28), (42), (43) and H ≃ constant, we obtain q ≃ −1
and
ωΛ = −1− 2Hc2
[(
− 1 +
√
ΩΛ − Ωk
)
×
(
1− α
2
(1 − 1
c2
)
)
+
n
c2
]
. (46)
For the present time, we consider z ≃ 0,α ≃ 0, c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8, ΩΛ = 0.7,
ΩM0 = 0.27, Ωk ≃ 0 and b2 = 0.02 [39]. By this set up, The condition for acceleration q < 0 results in
−5000 < ω < 0 and no Brans-Dicke parameter is obtained for the phantom phase condition ωΛ < −1.
Therefore, we have acceleration without the phantom phase.
Using ωΛ and its time derivative corresponding to early and present times, and using Eq.(31) with b
2 =
0, 0.02, 0.04, 0.06, we get the classical stability for the range 0 < ΩΛ < 0.2 and the classical instability for the
range 0.2 < ΩΛ < 1 at present time. At early time, we find that the squared speed v
2
s is positive indicating
the classical stability for early time.
B. LECHDE model
For logarithmic entropy-corrected holographic dark energy model, Using Eqs. (20), (24), (29), (42) and
(43) at the present time we can write
ωΛ = −1− n
[ 2
3γα
+
8αω(1 + z)2n
9L2c2γα
]
+
(
1−
√
ΩΛ
c2γα
− Ωk
)[
− 2
3γα
− 8αω(1 + z)
2n
9L2c2γα
+
4
3
]
− b
2
ΩΛ
(1 + Ωk − 2
3
n2ω + 2n), (47)
9where
γα = 1 +
4ω(1 + z)2n
3L2c2
[
α ln(
L2
4ω(1 + z)2n
+ β)
]
. (48)
Also, for LECHDE at the early time, using Eqs. (29), (42), (43) and H = constant, we obtain q ≃ −1
and
ωΛ = −1− n
[2c2
3
+
8αω(1 + z)2nH2
9
]
+
(
1−
√
ΩΛ − Ωk
)[
− 2c
2
3
− 8αω(1 + z)
2nH2
9
+
4
3
]
. (49)
For the present time, we consider z ≃ 0,α ≃ 0, c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8, ΩΛ = 0.7,
ΩM0 = 0.27, Ωk ≃ 0 and b2 = 0.02 [39]. By this set up, The conditions for acceleration q < 0 and ωΛ < −1
results in −51628 . ω . 59086 and ω . −225706, respectively. Therefore, we have acceleration without the
phantom phase.
At early time, Using the parameter values z ≃ 104, α ≃ 1, c2 ≃ 1.1 and ΩΛ ≃ 1 , the condition ωΛ < −1
or ωΛ > −1 requires ω & −H−2 or ω . −H−2, respectively .
Using the same procedure as that of PLECHDE model, for LECHDE model we obtain v2s < 0 for present
time and v2s > 0 for early time which accounts for the classical instability at present time and the classical
stability at early time .
VI. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL
WITH SCALAR RICCI CUT-OFF
We consider IR cut-off as L = R−
1
2 where R is Ricci scalar curvature. The scalar Ricci cut-off is given by
R = 6(H˙ + 2H2 +
k
a2
). (50)
Here H˙ is the derivative of the hubble parameter with respect to the cosmic time t. Using Eqs. (11) and
(16), we get [43]
H2 +
k
a2
=
4ω
3φ2
(ρΛ + ρM ) + 2nH
2(−1 + nω
3
). (51)
Now, using Eqs. (50) and (51), we can write
R = 6
{
H˙ +H2 +
4ω
3φ2
(ρΛ + ρM ) + 2nH
2(−1 + nω
3
)
}
. (52)
Differentiating Eq. (51) with respect to the cosmic time t and using Eqs. (14), (15) and (51), we can derive
H˙ +H2 =
4ω
3φ2
[
ρΛ(
3
2ωΛ +
1
2 + n) + (n+
1
2 )ρM
]
−1 + 2n(nω3 − 1)
. (53)
Inserting Eg. (53) in Eq. (52), we obtain
ωΛ =
[φ2(2n2ω − 6n− 3)
ρΛ
][ R
36ω
− nH
2(nω − 3)
9ω
]
− (1 + Ωk −
2
3n
2ω + 2n)(4n2ω − 6n− 3)
9ΩΛ
. (54)
Moreover, using Eqs. (12), (16), (19), (21) and PΛ = ρΛωΛ we find
q =
1
2(n+ 1)
×
[
3ΩΛωΛ + (2n+ 1)
2 + 2n(nω − 1) + Ωk
]
. (55)
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A. PLECHDE model
Using Eq.(4) and L = R−
1
2 , we find
ρΛ =
3c2φ2R
4ω
γµ, (56)
where
γµ = 1− β
3c2
R
α
2
−1. (57)
For early time, using Eqs. (28), (50) and H = constant, we can obtain q ≃ −1 and
ωΛ = −1 + 12c
2H
ΩΛ
[
− 1 + 2
3
n2ω − 2n+ΩΛ
]
×
{
1− α
2
(1 − H
2ΩΛ
c2R
)
}
− 2nH. (58)
Here α is dimensionless constants of order unity. For early time, we consider c2 = 1.1, Ωk ≃ 0 [39] and
assume α > 2 [16]. In order to have ωΛ < −1, it turns out that n > 0 for any value of ω.
For 0 < R < 1 at the early time, taking time derivative of ωΛ, and using Eqs. (31) and (58), one finds
that the squared speed is always negative for early time. This means that we have a classical instability.
B. LECHDE model
Using Eq.(6) and L2 = R−1, one can obtain
ρΛ =
3c2φ2R
4ω
γφ, (59)
where
γφ = 1 +
4ωR
3c2φ2
[
α ln(
φ2
4ωR
) + β
]
. (60)
For the early time, using Eqs.(50) and (29) , H ≃ constant, we obtain q ≃ −1 and
ωΛ = −1− n
[8c2
ΩΛ
+
128αω(1 + z)2nH2
ΩΛ
]
(61)
Where α is dimensionless constants of order unity. For the early time, we consider c2 = 1.1, Ωk ≃ 0 [39]. In
order to have ωΛ < −1, we obtain the range −10−98 < ω < −10−42 and n > −0.1. For 0 < R < 1 at the
early time, taking time derivative of Eq.(61) and using Eqs.(31) and (61), one finds that the squared speed
is always negative for early time. This means that we have a classical instability.
For both PLECHDE and LECHDE models at the present time, we consider α = β = 0, γµ = 1, γφ = 1.
Using Eqs. (20), (54), (56) and (59) we obtain
ωΛ =
[4(2n2ω − 6n− 3)
3c2
]
×
[ 1
36
− nH
2
0 (nω − 3)ΩM0(1 + z)2n+3
9R
(
1 + Ωk +
2
3n(3− nω)− ΩΛ
)]
− (1 + Ωk −
2
3n
2ω + 2n)(4n2ω − 6n− 3)
9ΩΛ
. (62)
Now, for both PLECHDE and LECHDE models, we consider c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8,
ΩM0 = 0.27, Ωk ≃ 0 [39] and 0 < R < 1. By this set up, for q < 0 and ωΛ < −1, we obtain 20000 < ω < 45000
and −100000 < ω < −10000, respectively. Therefore, we have acceleration without the phantom phase.
Taking time derivative of Eq.(62) and using Eqs.(31) and (62) for b2 = 0, 0.02, 0.04, 0.06 and 0 < R < 1
at the present time, one finds that the squared speed is always positive for present time. This means that
we have a classical stability.
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VII. INTERACTING ENTROPY-CORRECTED HOLOGRAPHIC DARK ENERGY MODEL
WITH GRANDA-OLIVEROS CUT-OFF
To avoid the causality problem, Granda and Oliveros suggested a new cut-off for holographic dark energy
model so called new holographic dark energy as [44]
L = (α˜H2 + β˜H˙)−
1
2 , (63)
where α˜ and β˜ are constant. By inserting Eq. (16) in Eq. (12) and using PΛ = ρΛωΛ, we obtain
ρΛ = −φ
2H2
4ωωΛ
{
3 + Ωk + 4n+ 2n
2(2 + ω) +
H˙
H2
(2n+ 2)
}
. (64)
moreover, By inserting Eq. (24) in Eq. (64), we find
ωΛ =
[
3 + Ωk + 4n+ 2n
2(2 + ω) + (n+ 1)×
((2n+ 3 + 3b2)(1 + Ωk − 23n2ω + 2n)− 2Ωk
−1− 2n+ 23n2ω
)]
×
[
− 4ωρΛ
φ2H2
− 3(n+ 1)ΩΛ−1− 2n+ 23n2ω
]−1
. (65)
For PLECHDE and LECHDE models, using Eq. (4) and Eq.(6), we find respectively
ρΛ =
3c2φ2
4ωL2
γc, (66)
and
ρΛ =
3c2φ2
4ωL2
γα, (67)
where L is the Granda-Oliveros cut off. For both PLECHDE and LECHDE models, considering α = β = 0,
and using ωΛ, (20), (66) and (67) at present time we can find
ωΛ =
{
3 + Ωk + 4n+ 2n
2(2 + ω) + (n+ 1)×
[ (2n+ 3 + 3b2)(1 + Ωk − 23n2ω + 2n)− 2Ωk
−1− 2n+ 23n2ω
]}
×
{
−
3c2
(
1 + Ωk +
2
3n(3− nω)− ΩΛ
)
L2H20ΩM0(1 + z)
2n+3
− 3(n+ 1)ΩΛ−1 + 23n2ω − 2n
}−1
, (68)
where q is given by Eq. (55). For the present time, we consider c2 = 1.1 [39], n = 0.005 [41], H0 = 67.8,
ΩM0 = 0.27, Ωk ≃ 0 and b2 = 0.02 [39], z = 0 and 0 < L < 1 . For both LECHDE and PLECHDE models,
the demand for q < 0 and ωΛ < −1 results in 10000 < ω < 12000 and 11100 < ω < 12000, respectively.
Hence, we may have acceleration with phantom phase for 11100 < ω < 12000.
For the early time, using Eqs. (64), (66), (67) and H = constant, we can obtain q ≃ −1 and
ωΛ = −3 + Ωk + 4n+ 2n
2(2 + ω)
3ΩΛ
. (69)
Considering c2 = 1.1 and Ωk ≃ 0 [39] we find that the demand for ωΛ < −1, results in n > 0.
For present time, taking time derivative of ωΛ and using Eqs.(31) and ωΛ for b
2 = 0, 0.02, 0.04, 0.06 and
0 < L < 1, we obtain the classical instability. For both PLECHDE model and LECHDE model, one finds
that the squared speed is negative. This means that we have a classical instability.
For early time, taking the time derivative of ωΛ, and using Eqs.(31) and ωΛ, we find that for both
PLECHDE and LECHDE models the squared speed is always negative. This means that we have a classical
instability.
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Table 1. Brans-Dicke parameter versus the phantom phase ωΛ < −1 at present time.
Cut-Off PLECHDE LECHDE
Hubble −10000 < ω < 10000 ω . −2860
Apparent −10000 < ω < 10000 16908 . ω . 38858
Event Horizon −−− ω . −225706
Scalar Ricci −100000 < ω < −10000 −100000 < ω < −10000
Granda-Oliveros 11100 < ω < 12000 11100 < ω < 12000
Table 2. Brans-Dicke parameter versus the acceleration phase q < 0 at present time.
Cut-Off PLECHDE LECHDE
Hubble −10000 < ω < 10000 ω . 8383
Apparent −10000 < ω < 10000 −29032 . ω . 34254
Event Horizon −5000 < ω < 0 −51628 . ω . 59086
Scalar Ricci 20000 < ω < 45000 20000 < ω < 45000
Granda-Oliveros 10000 < ω < 12000 10000 < ω < 12000
Table 3. Brans-Dicke parameter versus the phantom phase ωΛ < −1 at early time.
Cut-Off PLECHDE LECHDE
Hubble n > 0,−∞ < ω <∞ ω > −H−2
Apparent n > 0,−∞ < ω <∞ ω > −H−2
Event Horizon n > 0,−∞ < ω <∞ ω > −H−2
Scalar Ricci n > 0,−∞ < ω <∞ −10−98 < ω < −10−42, n > −0.1
Granda-Oliveros n > 0, ω > 0 n > 0, ω > 0
Table 4. Brans-Dicke parameter versus the acceleration phase q < 0 at early time.
Cut-Off PLECHDE LECHDE
Hubble ω = − 3(3H−2n−4)
n(2n+3)
, n 6= 0,− 3
2
ω = 6n+8.7
2n2+3n+4H2(10001)2n
,−∞ < n <∞
Apparent ω = −
3(3H−2n−4)
n(2n+3)
, n 6= 0,− 3
2
ω = 6n+8.7
2n2+3n+4H2(10001)2n
,−∞ < n <∞
Event Horizon ω = −
3(3H−2n−4)
n(2n+3)
, n 6= 0,− 3
2
ω = 6n+8.7
2n2+3n+4H2(10001)2n
,−∞ < n <∞
Scalar Ricci ω = 33.75H
3−10.5H−1.25n−1.25
n(11.25H3−4.125H+0.625)
, n 6= 0 ω = 6n−33.6
−3n+64H2(10001)2n
, −∞ < n <∞
Granda-Oliveros n = 0 n = 0
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Table 5. Classical stability or instability of models at present time.
Cut-Off PLECHDE LECHDE
Hubble Stability Instability
Apparent Stability Instability(0 < ΩΛ < 0.5)
Stability (0.5 < ΩΛ < 1)
Event Horizon Stability(0 < ΩΛ < 0.2) Instability
Instability(0.2 < ΩΛ < 1)
Scalar Ricci Stability Stability
Granda-Oliveros Instability Instability
Table 6. Classical stability or instability of models at early time.
Cut-Off PLECHDE LECHDE
Hubble Instability Instability
Apparent Instability Instability
Event Horizon Stability Stability
Scalar Ricci Instability Instability
Granda-Oliveros Instability Instability
VIII. CONCLUDING REMARKS
We have studied the interacting power-law and logarithmic entropy-corrected holographic dark energy
models with different cut-offs in the framework of Brans-Dicke cosmology. For comparison between the two
entropy corrected models at early and present time universes, we have obtained the Brans-Dicke parameter
versus the conditions for the acceleration and phantom phases. Moreover, using the squared sound speed, the
classical stability or instability of the interacting power-law and logarithmic entropy-corrected holographic
dark energy models with different cut-offs is determined. This study, shows which entropy corrected model
can exhibit acceleration with or without the phantom phase, and which entropy corrected model is stable or
unstable, at early and present time.
[1] A.G. Riess, et al., Astron. J. 116 (1998) 1009;
S. Perlmutter, et al., Astrophys. J. 517 (1999) 565;
P. de Bernardis, et al., Nature 404 (2000) 955;
S. Perlmutter, et al., Astrophys. J. 598 (2003) 102;
U. Seljak, et al., Phys. Rev. D 71 (2005) 103515.
[2] E. J. Copeland, M. Sami, S. Tsujikawa, International Journal of medern Physics D, 15 (2006) 1753;
[3] S. Weinberg, Reviews of Modern Physics, 61 (1989) 1.
[4] W. Zimdahl, D. Pavon, Class. Quant. Grav. 26 (2007) 5461.
Y. Bisabr, Phys. Rev. D 82 (2010) 124041.
[5] T. Padmanabhan, Phys. Rept. 380 (2003) 235;
Y. F. Cai, et al., Phys. Rept. 493 (2010) 1.
[6] L. Susskind, J. Math. Phys. 36 (1995) 6377;
S. Nojiri, S. D. Odintsov, Gen. Rel. Grav.38 (1285) 1285; K. Bamba, S. Capozziello, S. D. Odintsov, Astrophys.
Space Sci. 342 (2012) 155.
[7] R. M. Wald, Phys. rev. D 48 (1993) 3427.
14
[8] N. Radicella, D. Pav’on, Phys. Lett. B 691 (2010) 121;
[9] M. Jamil, A. Sheykhi, M. Farooq, Int. J. Mod. Phys. D 19 (2010) 1831.
[10] Ashtekar, A., Baez, J., Corichi, A., Krasnov, K., Physical Review Letters, 80, 904 (1998).
[11] Rovelli, C., Physical Review Letters, 77, 3288 (1996).
[12] Ghosh, A., Mitra, P., Phys. Rev. D, 71, 027502 (2005).
[13] Medved, A. J., Vagenas, E. C., Phys. Rev. D, 70, 124021 (2004).
[14] Meissner, K. A., Classical and Quantum Gravity, 21, 5245 (2004).
[15] Wald, R. M., Chicago, University of Chicago Press, 504, (1984).
[16] M. Jamil, A. Sheykhi, Gen. Relative. Gravit 43 (2011) 2661.
[17] R. Banerjee, B.R. Majhi, Phys. Lett. B 662, 62 (2008);
R. Banerjee, B.R. Majhi, JHEP 06, 095 (2008);
J. Zhang, Phys. Lett. B 668, 353 (2008).
[18] Cai, Y. F., Liu, J., Li, H., Physics Letters B, 690, 213 (2010).
[19] Wei, H., Communications in Theoretical Physics, 52, 743 (2009).
[20] A. Sheykhi, Phys. Lett. B, 681, 205 (2009).
[21] P. Jordan, Schwerkraft und Weltall, Friedrich Vieweg und Sohn, Braunschwig (1955).
[22] C. Brans. R. H. Dicke, Phys. Rev. 124 (1961) 925.
[23] C. Wetterich, Nucl. Phys. B 302, 668 (1988); B. Ratra, J. Peebels, Phys. Rev. D 37, (1988) 321.
[24] T. Chiba, T. Okabe, M. Yamaguchi, Phys. Rev. D 62, 023511 (2000); C. Armendariz-Picon, V. Mukhanov, P. J.
Steinhardt, Phys. Rev. D 63, (2001) 103510.
[25] C. Caldwell, Phys. Lett. B 545, (2003) 23; S. Nojiri, S. D. Odintsov, Phys. Lett. B 562, (2002) 147; S. Nojiri, S.
D. Odintsov, Phys. Lett. B 565, (2003) 1.
[26] A. Sen, J. High Energy Phys. 04, (2002) 048; T. Padmanabhan, T. R. Chodhury, Phys. Rev. D 66, (2002) 081301.
[27]
[28] E. Elizade, S. Nojiri, S. D. Odintsov, Phys. Rev. D 70, (2004) 043539; S. Nojiri, S. D. Odintsov, S. Tsujikawa,
Phys. Rev. D 71, (2005) 063004.
[29] M. R. Setare, Phys. Let. B 644, (2007) 99; M. R. Setare, Phys. Lett. B 642, (2006) 1; M. R. Setare, J. Zhang,
X. Zhang, JCAP 0703, (2007) 007; M. R. Setare, Eur. Phys. J. C 50, (2007) 991; M. R. Setare, E. C. Vagenas,
Int. J. Mod. Phys. D 18, (2009) 147; M. R. Setare, Phys. Lett. B 648, (2007) 329; M. R. Setare, Phys. Lett. B
653, (2007) 116; M. R. Setare, Phys. Lett. B 654, (2007) 1.
[30] P. J. Peebles, B. Ratra, Rev. Mod. Phys. 75 (2003) 559.
[31] J. P. B. Almeida, J. G. Pereira, Phys. Lett. B 636 (2006) 75;
B. Guberina, R. Horvat, H. Nikolic, Phys. Lett. B 636 (2006) 75;
X. Zhang, Phys. Rev. D 74 (2006) 103505.
[32] L. N. Granda, A. Oliveros, Phys. Lett. B 669 (2008) 275;
L. N. Granda, A. Oliveros, Phys. Lett. B 671 (2009) 199.
[33] X. Zhang, Phys. Lett. B 648 (2007) 1;
J. Zhang, X. Zhang, H. Liu, Eur. phys. J. C 54 (2008) 303;
X. Zhang, Phys. Rev. D 79 (2009) 103509.
[34] K. karami, M. S. Khaledian, F. Felegary, Z. Azarmi, Phys. Lett. B 686 (2010) 216.
[35] M. Arik, M. Calik, Mod. Phys. Lett. A 21 (2006) 1241.
[36] M. Jamil et al, Int. J. Theor. Phys. 51 (2012) 604;
N. Banerjee, D. Pavon, Phys. Lett. B 647 (2007) 447.
[37] A. Sen, Int. J. Mod. Phys. A 20 (2005) 5513;
E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras, S. Panda, JHEP 0005 (2000) 009 [arxiv:hep-th/0003221].
[38] H. Kim, Mon. Not. roy. Astron. Soc. 364 (2005) 813.
[39] Y. Z. Ma, Y. cong, Eur. Phys. J. C 60 (2009) 303;
C. Feng, B. Wang, Y. Gong, R. K. Su, JCAP 0709 (2007) 005;
Q. Wu, Y. Gong, A. Wang, J. S. Alcaniz, Phys. Lett. B 659 (2008) 34.
[40] A. Sheykhi, K. Karami, M. Jamil, E. Kazemi, M. Haddad, Gen. Relativ. Gravit., 44 (2012) 623.
[41] J. Lu, W. Wang, L. xu, Y. Wu, Eur. Phys. J. plus 126 (2011) 92.
[42] Q. G. Huang, M. Li, JCAP 08 (2004) 013.
[43] A. Pasqua, I. Khomenko, arXiv:1212.2157.
[44] L. N. Granda, A. Oliveros, Phys. Lett. B 669 (2008) 275;
L. N. Granda, A. Oliveros, Phys. Lett. B 671 (2009) 199.
